Abstract. We use covariants of binary sextics to describe the structure of modules of scalar-valued or vector-valued Siegel modular forms of degree 2 with character, over the ring of scalar-valued Siegel modular forms of even weight. For a modular form defined by a covariant we express the order of vanishing along the locus of products of elliptic curves in terms of the covariant.
Introduction
In [4] we describe a map from covariants of binary sextics to Siegel modular forms of degree 2. If V denotes the standard 2-dimensional representation of GL(2, C) with basis x 1 , x 2 we consider the space Sym 6 (V ) of binary sextics. A general element f ∈ Sym 6 (V ) will be written as
The group GL(2, C) acts on Sym 6 (V ). We denote by C the ring of covariants of binary sextics. A bihomogeneous covariant has a bi-degree (a, b), meaning that it can be seen as a homogeneous expression of degree a in the coefficients a i of f and as a form of degree b in x 1 , x 2 ; such a covariant will be denoted by C a,b . The map from covariants to Siegel modular forms defined in [4] is a map
where M is the ring of vector-valued modular forms of degree 2 on Γ 2 = Sp(4, Z) and the subscript χ 10 means that Igusa's cusp form χ 10 of weight 10 is inverted. It sends the binary sextic f to the meromorphic vector-valued modular form χ 6,8 /χ 10 of weight (6, −2), where χ 6,8 is the unique holomorphic modular form of weight (6, 8) (it is a cusp form). Using modular forms with character, we can also write this as χ 6,3 /χ 5 . This map provides us with a very effective method for constructing Siegel modular forms on Γ 2 with or without character. We used it in [4, 5] to construct modular forms.
Since the image of a covariant under ν may be meromorphic on A 2 , with possible poles along the locus A 1,1 of abelian surfaces that are products of elliptic curves, it is important to have a method to determine the order of vanishing of modular forms obtained from covariants along this locus. In this paper we give such a method. In our earlier papers [4] and [5] we relied on restriction of the corresponding modular forms to the diagonal in the Siegel upper half space instead.
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To exhibit the effectiveness of our method, we use it here to construct generators for certain modules of vector-valued Siegel modular forms of degree 2.
We denote by M j,k (Γ 2 ) (resp. S j,k (Γ 2 )) the vector space of Siegel modular forms (resp. of cusp forms) of weight (j, k) on Γ 2 , that is, the weight corresponds to the irreducible representation Sym j (St) ⊗ det k (St) with St the standard representation of GL (2) . The group Γ 2 admits a character ǫ of order 2 and χ 5 , the square root of χ 10 , is a modular form of weight 5 with this character. We refer to the last section for a way to calculate the character. We denote the space of modular forms (resp. of cusp forms) of weight (j, k) with character ǫ by M j,k (Γ 2 , ǫ) (resp. by S j,k (Γ 2 , ǫ)).
Let R = ⊕ k even M k (Γ 2 ) be the ring of scalar-valued Siegel modular forms of degree 2 of even weight. Igusa showed that it is a polynomial ring generated by E 4 , E 6 , χ 10 and χ 12 .
We are interested in the structure of the R-modules
. The structure of the analogous modules for modular forms without character
is known for some values of j by work of Satoh, Ibukiyama, van Dorp, Kiyuna, and Takemori, see [17, 12, 8, 15, 19] [12] van Dorp [8] Kiyuna [15] Takemori [19] The difficult part is the construction of the generators and the authors just mentioned used an array of methods to construct generators. For example, Satoh used generalized Rankin-Cohen brackets, Ibukiyama used theta series for even unimodular lattices, van Dorp used differential operators, and so on. Here we produce the generators we need by a uniform method via the covariants of binary sextics. We treat the cases j = 0, 2, 4, 6, 8, 10 even and odd. In all these cases the module turns out to be a free R-module. Acknowledgement. The authors thank the Max-Planck-Institut für Mathematik in Bonn for the hospitality enjoyed while this work was done.
The ring of covariants of binary sextics
We recall some facts about the ring C of covariants of binary sextics. For a description of C we refer to [4, 5] and the classical literature mentioned there. The book of Grace and Young [11, p. 156] gives 26 generators for this ring. All these generators can be obtained as (repeated) so-called transvectants of the binary sextic f . The kth transvectant of two forms g ∈ Sym m (V ), h ∈ Sym n (V ) is defined as
and the index k is usually omitted if k = 1. If g is a covariant of bi-degree (a, m) and h a covariant of bi-degree (b, n), then (g, h) k is a covariant of bi-degree (a + b, m + n − 2k) (cf. [3] ). The following table summarizes the construction of the 26 generators.
Covariants and modular forms
The group Γ 2 acts on the Siegel upper half space H 2 and the orbifold quotient Γ 2 \H 2 can be identified with the moduli space A 2 of principally polarized abelian surfaces. If M 2 denotes the moduli space of complex smooth projective curves of genus 2 we have the Torelli map M 2 ֒→ A 2 . This is an embedding and the complement of the image is the locus A 1,1 of products of elliptic curves. This is the image of the 'diagonal'
and also the zero locus of the cusp form χ 10 that vanishes with order 2 there. The moduli space M 2 has another description as a stack quotient of the action of GL(2, C) on the space of binary sextics. We take the opportunity to correct an erroneous representation of this stack quotient in [4] .
Let V be a 2-dimensional vector space, say generated by x 1 , x 2 , and consider Sym 6 (V ), the space of binary sextics. The group GL(V ) acts from the right; an element A = a b c d sends f (x 1 , x 2 ) to f (ax 1 + bx 2 , cx 1 + dx 2 ). We twist the action by det −2 (V ) and
We let X 0 ⊂ X be the open set of binary sextics with non-vanishing discriminant. An element f of X 0 defines a nonsingular curve of genus 2 via the equation y 2 = f (x). The action on the equation y 2 = f (x) is now induced by
Then ηid V acts on the binary sextics as η 2 , so that only ±id V acts trivially. The action of −id V on (x, y) is (x, y) → (x, −y) and induces the hyperelliptic involution. So the
The equation y 2 = f (x) defines two differentials xdx/y and dx/y that form a basis of the space of regular differentials on the curve and the action of GL(V ) is by the standard representation. Thus the pullback under α of the Hodge bundle E from M 2 to X 0 is the equivariant bundle defined by the standard representation V × X 0 . The equivariant bundle Sym 6 (V ) ⊗ det −2 (V ) has the diagonal section f → (f, f ). This diagonal section, the universal binary sextic, thus defines a meromorphic section χ 6,−2 of Sym 6 (E) ⊗ det(E) −2 . Since the construction extends to the locus of binary sextics with zeroes of multiplicity at most 2, the section extends regularly over δ 0 \ δ 1 . (Here, δ 0 corresponds to A 2 \ A 2 , the divisor at infinity, and δ 1 to the closure of A 1,1 .) With this construction, the pole order along δ 1 is not yet known, but after multiplication with a power of χ 10 the section becomes regular.
In fact, it is not hard to see that χ 6,−2 has a simple pole along δ 1 . Using Taylor or series expansions in the normal direction to H 1 × H 1 with coordinate t = 2πiτ 12 as in [4, §5] and coordinates c i on Sym j corresponding to the monomials
, we see that the coefficient of t m in c i in the expansion of a section of Sym
⊗k is of the form g ⊗ h, with g quasimodular of weight j − i + k + m and h quasimodular of weight i + k + m. To get nonzero coefficients, the two weights and hence their sum j + 2k + 2m must be nonnegative. For χ 6,−2 , we get 2 + 2m ≥ 0, hence m ≥ −1, proving the claim. Multiplying χ 6,−2 with χ 10 , we obtain the holomorphic modular form χ 6, 8 , unique up to a scalar; alternatively, χ 6,−2 can be written as χ 6,3 /χ 5 .
We can interpret modular forms as sections of vector bundles made out of E by Schur functors, like Sym j (E) ⊗ det(E) ⊗k . Since the pullback of the Hodge bundle is the equivariant bundle defined by V , the pullback of such a section can be interpreted as a covariant. Recall that the ring of covariants is the ring of invariants for the action of SL(V ) on V ⊕ Sym 6 (V ), see for example [18, p. 55] . Conversely, a (bihomogeneous) covariant corresponds to a meromorphic modular form, with poles at most along δ 1 , hence to an element of M χ 10 .
We thus get maps
with C the ring of covariants of binary sextics and M = ⊕ j,k M j,k (Γ 2 ) and M χ 10 its localization at the multiplicative system generated by χ 10 . For another perspective on the map ν, see [4, §6] .
The Order of Vanishing
In this section we will describe a way to calculate the order of vanishing along the locus A 1,1 of a modular form defined by a covariant. A covariant C has a bi-degree (a, b): if we consider C as a form in the variables a 0 , . . . , a 6 and x 1 , x 2 then it is of degree a in the a i and degree b in x 1 , x 2 . The map ν : C → M χ 10 associates to C a meromorphic modular form of weight (b, a − b/2) on Γ 2 . It has the property that χ a 5 ν(C) is a holomorphic modular form on Γ 2 , but with character if a is odd.
Recall that M 2 is represented as the stack quotient [X 0 /GL(V )]. The relation with the compactification of M 2 is as follows.
In the (projectivized) space of binary sextics P(X ) the discriminant defines a hypersurface ∆. This hypersurface has a codimension 1 singular locus, one component of which is the locus ∆ ′ of binary sextics with three coinciding roots. So we are in codimension 2 in P(X ) and we take a general plane Π in P(X ) intersecting ∆ transversally at a general point of ∆ ′ . In the plane Π the intersection with ∆ gives rise to a curve with a cusp singularity corresponding to the intersection with ∆ ′ ; we assume this latter point is the origin of Π. In local coordinates u, v in the plane the discriminant is given by u 2 = v 3 . One then blows up the plane at the origin three times. This is illustrated in the following picture (cf. the picture in [7, p. 80] ).
Then one blows down the exceptional fibres E 1 and E 2 . The image of E 3 corresponds in M 2 (resp. A 2 ) to the locus δ 1 (resp. A 1,1 ) of unions (resp. products) of elliptic curves. If C is a covariant then it defines a section of an equivariant vector bundle on X and we can pull this back to the blow-up. It then makes sense to speak of the order of this section along the divisor E 3 .
If we consider in the last setting a vertical line that intersects the image of E 3 transversally at a general point, then this corresponds in the original plane with u, v coordinates to a curve u 2 = c v 3 . We can calculate the order of vanishing along E 3 by calculating the order of the covariant on a general family corresponding to u 2 = c v 3 . The plane Π corresponds to a family of binary sextics of the form
with h a general cubic polynomial in x. The substitution u = c 2 t 3 , v = ct 2 (with c general) gives a family corresponding to u 2 = c v 3 and the order in t of the covariant after substitution gives the order along E 3 . Theorem 1. Let C be a covariant of binary sextics of degree a in the a i and let χ C = ν(C) be the meromorphic modular form obtained by substituting χ 6,−2 . Then the order of χ C along A 1,1 is given by
Proof. Since χ C is obtained by substituting the components of χ 6,−2 in C (cf. [4, §6] ) and since χ 6,−2 has a simple pole along δ 1 , the order of χ C along δ 1 (a.k.a. A 1,1 ) is at least −a. It can only be larger when C vanishes along E 3 , the exceptional divisor of the third blow-up of X . To work this out precisely, note first that the degree (resp. the order) of a product equals the sum of the degrees (resp. the orders) of the factors. Hence, after replacing C by its square if necessary, we may assume that a is even, equal to 2c. Consider the invariant A of degree 2:
(proportional to C 2,0 ). Clearly, it doesn't vanish on E 3 , and the associated scalar-valued meromorphic modular form χ A of weight 2 has a pole of order 2 along δ 1 . We can write
A , where C/A c is a meromorphic covariant and χ C/A c a meromorphic vector-valued modular form, regular along δ 1 but with possible poles along the zero locus of χ A . The components of C/A c are meromorphic functions on P(X ) that descend to the components of χ C/A c . The (minimal) orders of vanishing along E 3 respectively δ 1 are clearly closely related, but since E 3 in the picture above corresponds to the coarse moduli space M 1,1 , not to the stack M 1,1 , the order of χ C/A c along δ 1 equals twice the order of C/A c along E 3 .
Rings and Modules of Modular Forms
be the graded ring of scalar-valued Siegel modular forms of even weight on Γ 2 . One knows that R = C[E 4 , E 6 , χ 10 , χ 12 ] and so its Hilbert-Poincaré series equals 1/(1 − t 4 )(1 − t 6 )(1 − t 10 )(1 − t 12 ). We denote by ǫ the unique nontrivial character of order 2 of Γ 2 (see Section 12 for a description of this character). Let Γ 2 [2] be the principal congruence subgroup of level 2 of Γ 2 . The group Sp(4, Z/2Z) is isomorphic to S 6 . We fix an explicit isomorphism by identifying the symplectic lattice over Z/2Z with the subspace {(a 1 , . . . , a 6 ) ∈ (Z/2Z) 6 : a i = 0} modulo the diagonally embedded Z/2Z with form i a i b i as in [1, Section 2] ; it is given explicitly on generators of S 6 in [6, Section 3, (3.2)]. Thus S 6 acts on the space of modular forms M j,k (Γ 2 [2] ) and the space M j,k (Γ 2 , ǫ) can be identified with the subspace of M j,k (Γ 2 [2] ) on which S 6 acts via the alternating representation. Since −1 4 belongs to Γ 2 [2] , we have M j,k (Γ 2 , ǫ) = (0) for j odd. In the sequel, the integer j will always be even. The following result is in [13] ; for the reader's convenience we give an alternative proof.
Proof. In case k = 0 and j = 0 it is well-known that M j,0 (Γ 2 , ǫ) = (0), see [9, Satz1] .
, that is, the orthogonal complement of S j,k (Γ 2 [2] ), was described in [6, Section 13] as an S 6 -representation. From the description there we see that the isotypical component s [1 6 ] never occurs in E j,k (Γ 2 [2] ); the result follows since The preceding lemma allows us to study cusp forms only. The dimensions of the spaces S j,k (Γ 2 , ǫ) are known by work of Tsushima as completed by Bergström (see [2] ). The next table gives the Hilbert-Poincaré series of M odd j (Γ 2 , ǫ) and M ev j (Γ 2 , ǫ) as R-modules. We give only the numerators since in all cases we have
with N j a polynomial in t. For j ∈ {0, 2, 4, 6, 8, 10} and both for k odd and even the shape of the polynomials N j is as follows:
This suggests that the R-modules M ev j (Γ, ǫ) and M odd j (Γ, ǫ) are generated by j + 1 cusp forms with a j,k j,i generators of weight (j, k j,i ). As the table shows this does not hold for j = 12.
Therefore the strategy of the proof for the structure of the modules will be to show first that there is no cusp form of weight (j, k) for k < k j,1 for j ∈ {0, 2, 4, 6, 8, 10}. In the cases at hand this follows from the above formula and the results in [5] . Then we will construct j + 1 cusp forms and check that their wedge product is not identically 0. In fact in all cases we find that the wedge product of the j + 1 forms is a nonzero multiple of a product of powers of χ 5 and χ 30 . This proves that the submodule they generate has the same Hilbert-Poincaré series as the whole module, hence that we found the whole module. We will give the covariants that define the generators explicitly in a number of cases, but in view of their size we refer for the other cases to [2] where we will make these available.
The scalar-valued cases
In this section we deal with the modules of scalar-valued modular forms with character. In this case the weight (j, k) is of the form (0, k) and we simply indicate it by k.
The diagonal element γ 1 = diag(1, −1, 1, −1) ∈ Γ 2 defines an involution fixing the coordinates τ 11 [10] . One checks that the action on modular forms is as follows
The cusp form χ 5 ∈ S 5 (Γ 2 , ǫ) is defined in terms of theta functions. For (τ, z) ∈ H × C and (µ 1 , µ 2 ), (ν 1 , ν 2 ) in Z 2 we have the standard theta series with characteristics
By letting µ and ν be vectors consisting of zeroes and ones with µ t ν ≡ 0 (mod 2) and setting z = 0 we obtain ten so-called theta constants and their product defines a cusp form of weight 5 on Γ 2 with character ǫ:
. Its Fourier expansion starts with
where X = e πiτ 1 , Y = e πiτ 2 and u = e πiτ 12 . We note that χ 2 5 = χ 10 and the vanishing locus of χ 10 in A 2 is 2H 1 .
In order to construct χ 30 we consider the invariant C 15,0 , given in the table in Section 2. By the procedure of [4] it provides a meromorphic cusp form of weight 15 on Γ 2 . One checks using Theorem 1 that the order of this form along A 1,1 is −3. So we obtain a holomorphic modular form by multiplying by χ Remark 4. We know the cycle classes of the closures of H 1 and H 4 in the compactified moduli spaceÃ 2 . In the divisor class group with rational coefficients ofÃ 2 we have
with D the divisor at infinity ofÃ 2 , and λ 1 the first Chern class of the determinant of the Hodge bundle, see [10, Thm. 2.6] . From this it follows that the vanishing locus of χ 30 in A 2 is H 4 . Then (1) implies that for k odd (resp. k even) any f ∈ M k (Γ 2 , ǫ) is divisible by χ 5 (resp. by χ 30 ). This implies the theorem as well.
For later identifications (for example in the proof of Theorem 11) we need the restriction of χ 6,3 to the Humbert surface H 4 . This surface can be given by τ 11 = τ 22 , or equivalently by τ 12 = 1/2. Let χ denote the Dirichlet character modulo 4 defined by the Kronecker symbol 
The case j = 2
We start with the case k odd.
Theorem 6. The R-module M odd 2 (Γ 2 , ǫ) is free with three generators of weight (2, 9), (2, 11) and (2, 17).
Proof. We recall that the numerator N 2 of the Hilbert-Poincaré series is t 9 + t 11 + t 17 . We construct the three generators by considering the covariants
These three covariants define meromorphic modular forms vanishing with order −1, −1, −3 along A 1,1 (by Theorem 1), so we obtain holomorphic modular forms
of weights (2, 9), (2, 11) and (2, 17) and their Fourier expansions start as
To prove the theorem we have to show that these three generators satisfy
Note that det(Sym j (E)) = det(E) j(j+1)/2 , so this is a form in S 40 (Γ 2 , ǫ). The Fourier expansion of F 2,9 ∧ F 2,11 ∧ F 2,17 starts with
and this shows the result.
Remark 7. The space S 40 (Γ 2 , ǫ) is 2-dimensional, generated by χ 2 5 χ 30 and E 4 E 6 χ 30 . We check that F 2,9 ∧ F 2,11 ∧ F 2,17 = −86400 χ Proof. We use the covariants
and set
By the criterion these are holomorphic modular forms of weight (2, 16), (2, 22) and (2, 24) . The Fourier expansion of F 2,16 ∧ F 2,22 ∧ F 2,24 starts with The Fourier expansions of
The other two modular forms we need are
The Fourier expansion of F 4,9 ∧ F 4,11 ∧ F 4,13 ∧ F 4,15 ∧ F 4,17 starts with
and by a calculation we get Proof. For weight (4, 14) we consider the covariant ξ 1 given as 189 C and set F 4,16 = (151875/4096)ν(ξ 2 )χ 5 ; it is holomorphic and its Fourier expansion starts with
We get a form F 4,18 of weight (4, 18) by putting
; it is holomorphic and its Fourier expansion starts with 
and in fact we checked that it equals −20736 χ 9. The case j = 6
Theorem 11. The R-module M odd Proof. We use the covariants
We consider the following cusp forms:
and
is a cusp form in S 0,110 (Γ 2 , ǫ) and its Fourier expansion starts with We consider the following cusp forms: Proof. We use the covariants We consider the following cusp forms: (8, 10) , (8, 12) , (8, 14) , (8, 16) , (8, 18) , (8, 18) , (8, 20) and (8, 22) .
Proof. We use the following covariants
6,6 + 1500 C 3,2 C
6,6 + 3000 We consider the following cusp forms: 
The case j = 10
Theorem 15. The R-module M odd 10 (Γ 2 , ǫ) is free with generators of weight (10, 5), (10, 7), (10, 9) , (10, 9) , (10, 11) , (10, 11) , (10, 13) , (10, 13) , (8, 15) , (10, 15) and (10, 17) .
Theorem 16. The R-module M ev 10 (Γ 2 , ǫ) is free with generators of weight (10, 8) , (10, 10) , (10, 10) , (10, 12) , (10, 12) , (10, 14) , (10, 14) , (10, 16) , (10, 16) , (10, 18) and (10, 20) .
The proofs in both cases are similar to the cases above. The covariants used are quite big and we refer for these to [2] .
12. The character ǫ of Γ 2 Maaß showed in [16] that the abelianization of Γ 2 is isomorphic to Z/2Z. So Γ 2 has one non-trivial character ǫ and it is of order 2. It can be described as the composition Sp(4, Z) where the 2 × 2 matrices are written as (
x 3 x 4 ). The proof is omitted.
